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Question 1 [10 marks] 


(a) Prove the Bayes’ theorem: [2] 


P(B|A) = 


(b) A total of 200 staff and students at a university were asked how they travelled to the 


university on that day. Results are given in the table below. 


Staff Students 
By car Al 53 
By public transport 25 5D 
By walking 6 20 
Are the events ‘came by public transport’ and ‘student’ independent? [2] 


(c) Show that the following properties hold for a random variable R, where a, b constants: 

(i) E[aR + }] = aE[R] +8. [2] 

(ii) Var(aR + b) = a?Var(R). [2] 
Hint: you can assume that for (i) R is discrete. 


(d) A phone center receives, on average, 5 phone calls per minute. Using the table bellow 
find the probability that the center will receive more than 6 phone calls in one minute. 


[2] 


> dpois(1:10,lambda=6) 

[1] 0.0149 0.0446 0.0892 0.1339 0.1606 0.1606 0.1377 0.1033 0.0688 0.0413 
> ppois(1:10,lambda=6) 

[1] 0.0174 0.0620 0.1512 0.2851 0.4457 0.6063 0.7440 0.8472 0.9161 0.9574 
> dbinom(0:6,size=6, prob=5/6) 

[1] 2.14e-05 6.43e-04 8.04e-03 5.36e-02 2.01e-01 4.02e-01 3.35e-01 
> pbinom(0:6,size=6 , prob=5/6) 

[1] 2.14e-05 6.64e-04 8.70e-03 6.23e-02 2.63e-01 6.65e-01 1.00e+00 
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Question 2 [10 marks] 


(a) A discrete time Markov Chain with state space S={1, 2, 3, 4} has the following 


transition matrix: 


1/32/73 20° 70 
(ee a | 


P = 
1/4 0 1/4 1/2 
0 0 0 1 
(i) Identify all closed sets. [2] 
(ii) Identify an absorbing state (if there is one). [1] 


(b) The random variable W has pmf given by 


asi w/k w € {1,2,3,4} 
0 otherwise. 

(i) Show that k = 30. 1 
(ii) Calculate Pr(W < 2.7). 1 
(iii) Calculate the Moment Generating Function (mgf). 1 
(iv) Using the mgf, calculate the mean. 1 
(v) Using the mef, calculate the variance. 3 
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Question 3 [10 marks] 


In responding to a survey question on a sensitive topic (such as Have you ever cheated on 
the exams?), many people prefer not to respond in the affirmative. Suppose that 80% of 
the population have never cheated on the exams and all of those individuals will truthfully 
answer no to your question. The remaining 20% of the population have tried to cheat and 


70% of those individuals will lie. 


(a) Propose a probability distribution for Y, the number of people you would need to 


question in order to obtain a single affirmative response. [2] 
(b) Find the mean and the variance of Y. (You can use the supplementary material). [2] 


(c) Show that the cumulative distribution function is F(y) = P(Y < y)=1-(1—-p)’, 


where p the probability of seeing an affirmative answer. [3] 

(d) Find the minimum number of participants that is needed to have 80% chance to see 

an affirmative response from a single respondent. [3] 

Question 4 [10 Marks] 

Let U a random variable that follows the standard Uniform distribution, U ~ U(0,1). We 
introduce the new random variable X = —G1n(U) for 6 > 0. 


(a) Show that the probability density function (pdf) of X is the exponential distribution: 


[3] 
e7/b 
fx(x) = a x € (0,00). 
(b) Find the cumulative distribution function (cdf) of X, Fy (x). 1 
(c) Find E[X]. 3 
(d) Find Var(X). 2 
(e) Describe an example where the Exponential distribution would be aplicable. 1 


Show your calculations. 
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Question 5 [10 marks] 
The pdf of (X,Y) is given by 
fxy(z,y) =1-—a(1-22)1-2y), O<x<1; O<y<l 


where -—l1 <a<l. 


(a) (i) Find the marginal distributions of X and Y. 2 
(ii) Find the value of a that X,Y are independent. 1 
(iii) Find E[XY]. 3 
(iv) Find P(X < Y). 2 


(b) If L ~ Normal(p:, 07) with (1,07) = (10, 47), calculate P(9 < L < 11). You can use 
Figure 1. [2] 


CDF of the Standard Normal Distribution 


Cumulative Probability 
0 O01 02 03 04 05 06 0.7 08 09 1 


Figure 1: Standard Normal Cumulative Distribution 


Formulae provided on pages 6 & 7 
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Formula Sheet 


Probability 


P(AN B) =P(A| B)P(B) 
P(A) = P(A | B) P(B) + P(A | B) P(B) 
P(A) = P(AN B) + P(ANB) 
Yj P(B,)P(AB;) 
Distribution Probability Function Mean Variance M x(t) 
bin(n, p) p(r) = (") pila np — np(1—p) (pe’ + (1 —p))” 
Pois(j1) Diel= ae a OM 2 ax fl fl exp[—p{1 — exp(t) }] 
geom(p) p(x) = (1—p)*"p, t= 1,2,... Tp Ceapiip peli (hepiey 
en ee 
Ula.) fa) = 7 > a <2 <d ath CD et eh/(0- a) 
exp(() io) = qo B Ce? (1—6t)"' for t<1/B 
amma(a@ L)= : qorte TP a a? — Bt)~-® for 
G (a,B) f(z) BT (a) 6 B (1—ft)-* for t< 1/8 


Bivariate Normal Distribution 


(X, 1) — No(Ux, Hy, 0x, Oy; P) 


O 
XIV AN (ux py - 
Oy 


br), (1p?) 
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Moment Generating Functions 


Mx (t) = E(e*) 


My(t) = |] Mx.) 
i=1 
where Y = X,4+ Xo+...+ X,, and the X; are independent random variables 


Tchebysheff’s inequality ; 
P(X — pl] 2 ko) < 7 
or equivalently 
P(X Sul: be) >1-a 


Transformation of Random Variables 


dx 
fy(y) = fx(z) a 
Series (l—z)=1ltz4274+234 
k 1 pktl 

rs aL be) eel 
1=0 2 3 
ga ene ieee aad 
era gl 
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